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Chapter 4: Dynamics of real incompressible fluids in circular pipes

1. Flow regimes and Reynolds experiment

There are two flow regimes for fluids: Laminar and turbulent. In the first regime, the fluid
flows in lamellae, which slide over each other; the streamlines are well-defined. On the other hand,
in the turbulent regime, the streamlines mix, giving chaotic shapes. Osborne Reynolds (1842-1912)
was the first to distinguish the difference between these two flow regimes. It uses a flow of water
in a circular pipe of diameter D with a velocity V. Reynolds injects a neutral stream of dye into the
water; for low velocities, the thread remains very distinct with a slight thickening due to the
diffusion of the dye in the water. For greater flow (higher speed), the dye stream fluctuates in time
and space with intermittent and irregular breaks along the pipe. The thread quickly becomes
indistinct and randomly diffuses into the pipe for significant flow rates. These three phenomena

are called regimes: laminar, transient, and turbulent.
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Turbulent fluctuations are the cause of the dispersion of the dye in the pipe. In laminar flow, the
velocity has a single component V = ul. For the turbulent one, the predominant direction is along
the pipe accompanied by the components normal to the pipe V=ui+ v+ wk. The important

parameter that determines the flow regime in the pipe is called the “Reynolds number” Re = %

where V is the average speed in the pipe; thus, the flow is laminar if Re <2100, and it is turbulent

if Re>4000 between the two; it is the transition.
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2. Entrance region and fully developed flow:

The “entrance region” of a pipe is the region where the fluid enters at an almost constant speed

(section (1)). During its movement, the viscous effects form a layer near the wall called the

“boundary layer”. In this layer,

the speed decreases towards the wall until it is canceled out on the

latter under the effect of viscosity. From a distance from the inlet, the velocity profile remains

unchanged; the flow is said to be “fully developed”. And /e is said the entrance region length.

For laminar flow, the entrance

length is given by I, = 0.06 DRe

1 1
For turbulent flow, it is: l, = 4.4DRe¢l, = 4.4DRes
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3. Linear pressure losses in pipes

In this part, we will calculate the pressure or height losses; the latter is due to friction between the
fluid particles and the solid walls of the pipes. We will consider the fully developed flow in the
pipes; then, we will calculate the pressure losses AP along the pipe caused by the friction between
the fluid particles and the walls. To do this, let us take a cylindrical fluid element of length / and

radius r centered at the horizontal x-axis in a pipe of diameter D.
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We represent the cylinder at times ¢ and ¢+4¢; the flow being developed then the velocity
profile is constant, which means that the local acceleration is zero (dv/dt=0). If the effects of gravity
are neglected (g=0), the pressure is constant in the cross sections and varies along the pipe from
one section to another. Let us take two points (1) and (2); at point (1), P=P: at point (2), P=Pa.
Since there is a loss of load (pressure) then P>= Pi- AP with AP is the pressure drop between points

(1) and (2) (AP >0).

The viscous stress is a function of r, T=1(r), let us apply Newton's second law F=ma to the
cylinder in the x direction: Fx=Xm.ax in this case ax=0 (fully developed flow), we have therefore: :
pir? — (py — Ap)nr? — t2mrl = 0 this gives ATp = % Since ATp do not depend on , % must not
also depend on it, i.e. T must be equal to 1=cte.r. Let's apply the boundary conditions to calculate
this constant.

At =0, we have, =0 no friction, and at r=D/2 (on the wall of the pipe), the stress is
maximum, it is noted tw, therefore, tw= cte.D/2 which gives cte=2tw/D and we obtain the constraint

as a function of r: 7 = ZTTWr this constraint varies linearly as a function of r. If we replace 7 in the
. . !

relation ATp = ? we will get Ap = 4%

This formula means that a moderate (small) value of tw can produce a significant pressure loss if

the pipe is long enough 1/D>>1.
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4. Calculation of the velocity profile and flow according to the pressure loss

Consider a fully developed flow in a circular pipe, as shown in the figure.
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We know that the friction stress in a Newtonian fluid is proportional to the speed gradient:

d d . . . -
T= ud—: for our case T = —u d—:, the sign (-) is included to give t>0 for du /dr < 0. By combining
ions: 22 = ¢ = % i du_ _
the equations: = and T=—pu o e will have = i
. . . : A A
The integration gives the velocity profile : [ du = —2—5[ [rdr or u(r)=-— 4—er +cq

c1 is constant; to find it, we apply the boundary conditions.
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At the wall of the pipe, the speed is zero. For r = g su=0-c¢ =

The velocity profile is therefore:

0= - G5) ]=[-@]

the velocity on the axis of the pipe and R=D/2 its radius.
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Another alternative expression can be found using the relation Ap = 4 o

u(r) = % [1 _ (£)Zl



The volume flow rate through the pipe is calculated by: /ﬁ _\\
[

Q=[u(r)dA= fOR u(r)2nrdr =2nV, fORu [1 - (g)z] rdr = %ZV“ :"‘\\.\\,il

By definition, the average velocity is the flow rate divided by the cross-section:

Q V, ApD?
Vm _— = —
A 2 32ul

The volume flow rate is therefore:

1tD4Ap
128ul

Q= which is called the Poiseuille relation.
This relationship shows that for laminar flow in a horizontal pipe, the flow rate is directly

proportional to the pressure drop AP and the diameter D of the pipe and inversely proportional to
the viscosity p and the length of the pipe 1.
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5. Case of an inclined pipe
The inclined pipes will be extended by taking an inclined pipe with the angle 0 relative to the
horizontal.
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The forces applied to the cylindrical element are:

(p + Ap)mr? — par? — 2nrlt — pgnr?lsin® = 0
Ap — pglsin® 2t
l or
Therefore, all the results of the horizontal pipe are valid, provided that AP will be replaced by

Apr — 2lt — pgrlsin0 = 0 -

Ap — pglsin 0, from which the average speed will be:
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a 32ul

Vi

. D*(Ap-pglsin6
And the volume flow rate: Q= izl 1;2:;51 )
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