Partial Differential equations (PDE)

1) Definitions
2) PDE of first order
3) PDE of second order



1) Definitions and anotations :

Definition 01 :
We call a partial differential equation (EDP) every relation between an unknown function

u of two variables and its partial derivatives. Written :

7 ou ou d%*u d*u d%*u o"u d"u  I™u o"u \ 0
Xyt dx’dy’ dx2’ dy?’ oxdy’ " axm' dyn’ dxn~1dy T dxdyn1)

Definition 02 :
We call order of the PDE, the order of the highest derivative occurring4n the eguation.

Definition 03 :

We say that EDP is linear if and only if it is linear with respect to the/function u
And its partial derivatives.

Exemples :
ou d*u . :
EP = a_yz + e~ PDE of second order, linear, and \non-homogeneous equation.
0%u _9%u _ _
—— + 3—— = 0 PDE of second order, linear,,and homogeneous equation.
d0x? dy?
ou . . . .
P 2u? + sin(x) = 0 PDE of first order, non-linear, and non-homogeneous equation.
2
oxdy = 0 PDE of;second ordef, linear, and homogeneous equation.
0’u  d3u _ _ _
u %z 35 = 0 PDE of third order, non-linear, and homogeneous equation.

2) PDE of first order
ou ou
(E): A(x,y)a + B(x,y)@ =C(x,y) + D(u)

ou ou
Or A(x,y)a+ B(x,y)@ = C(x,y,u)

Where A4, B, C, and D continuous functions on the domain ) SR?.



Methods of resolution :

a) Method of characteristic curves :

ou ou
(E): A(x.y)a+ B(x,y)@ =C(x,y,u)

Theorem :

The solution of the equation (E) is given by : ¢(C;, C,) = 0 where C; and C, two
dx dy du

Axy) B®y)/ C(hy,)

independent integrals of the characteristic system :

Remark :

¢(C,C,) =0 > C; = f(C,) where f is an arbitrary function .

Examples :

ou au_

(Ey) : a—@—y A(x,y) =1, B(x,y) =+1, Clx,y) =y

dy C. =
The characteristi t K {dx___l o
€ Characteristic system - 1 —_1—y _du C2=u+—y2
=y

1 1
The general solution is: ¢ (x +y,u — —y2> =0 oru(x,y) = —=y? + f(x + y)with f arbitrary.

2 2
ou du

(EZ)-xa+y5;—2 Alx,y) =x, B(x,y)=y, Clx,y)=2

(dx dy y

dx d du ~ N =7

We have ! —:—y:7 :{x Y :>{ ! x
x y kd_x:d_u C,=-2In(x)+u

X 2

The general solution is given by : ¢ (%, —2In(x) + u) =0or u(x,y) =2Iin(x) +f (%)

with f is an arbitrary function .

Remark : The arbitrary functions are determined by initial conditions.



Examples :
Ju N ou _
(E) :{ ox xay " The characteristic system :

u(0,y) =sin(y)

dx =d 1

dx dy d x y =y —=x2

Tx=—y=— :{ _du :»{ G=y 2 *
o dx—7 C, = —x+In(w)

Then general solution is :

1 x+f( —lxz)
¢(y—§x2,—x+ln(u))=00u ulx,y) =e*\V2%),

We have u(0,y) = sin(y) = f(y) = In(sin(y)) . Then the particular solution\of (E) is :

x+ln<sin(y—%x2)>

ulx,y)=e

b) Separation of variables :

ou du ) )
— + B— = 0 With 4 and B functions of one variable.
0x dy

(E): A
Put: u(x,y) = X(x) Y(y)

d 0
5= X YO, =XV

Replace in(E) : AX'(x)Y(@) + BX(x)Y'(y) =0

We obtain a following system of ODE: A% = —B% = k (constant)

Integrate the two.EDO, and replace X,Y in u.

Examples;:
E oy 2% 0 butiuley) = XG0 ¥
1.y6x xay— ut:u(x,y) =X(x)Y(y)
ou
= yX'(O)YW) +x2X()Y'(y) =0=> X T k (cte)

d
| 3, =X@Y'®)



-1X' X' —k

2 _ _ _ —k
2 X =k Y_—kxz In|X| —?X3+C1 X=C1€TXS
1Y’ )y = k = k

k yY =k 7=ky In|Y| =Ey2+cz Y = Ce?”

Kys Kya _ K3 ikye K3ikye
Then: u(x,y) = X(x) Y(y) = Cie 3" Ce2” =C(C,C,e3" 727 =(Ce3" 727 .

ou ou
. _— 2 _——= . =
(E,) : 9% + 2xy 3y 0 Put:u(x,y)=Xx)Y(®)

d
(S =x @Yo : :

1X Y
{ g > X' ()YW) + 2xy?2X(x)Y'(y) = 0> —+— = —y?— =k (cte)
N ) 20X Y
k dy Y
! X’
1ix = (2 _ 2xk In|X| = kx? + ¢, X'\ . ekx?
2x X = 4 X = k = -
i kx2+K kx2+K

Then: u(x,y) = X(x) Y(y) =(C,Cye***e¥ = C,C,e”” ¥V =Ce" " 'V,

c) Coordinates method ;

au ou

(E) : + b— = ¢ with a,b, and ¢ constants.
ax dy

s =ax + by

To solve this/equation put the change of variables : {t — bx—ay

% dsox Totox s TPt

du Quds Oudt ou ou
Jau ou ds (')u ot ou oy Replace in the equation (E), we obtain :

Gy “asay Taray ~ 2as %ot

ou ou ou c
a?—+bP—=c > —=—— = ulx,y)=——-

ds ds ds a?+ b? s+ f(t), f Arbitrary.

2+b2



Then: u(x,y) =

2+b2
Examples :
Ju Ju
E): ——2—=2
(B o 3y
s=x-—2y
Put : {t=—2x—y

(au_auas du ot au Zau
{ax_asax atax ds ot

(ax + by) + f(bx —ay) .

Replce in the equation (E;), we obtain ;

ou 6u65+6u Jt du OJu

oy " 3say " atoy  “as ot

sau—z m_Z, ( )—2 +f(t) Arbitraryfuncti
35 = = P ulx,y) =¢s f(t), f Arbitraryfunction.

Then: u(x,y) =§(x—2y)+f(—2x—y).

4 ou 36u_0
(E,): 0x dy
u(x,y) =y?
s =4x —3y
Put: {t=—3x—4y

( du OJduds Odudt du du
—=—— 4t —— =4 -3
{ Ox 0s0dx Ot ox ds ot

Replace in the equation (E), we obtain :

du ouds 6u ot ou ou
oy “9say Tacdy a5 ot
ou u
25 s =0 = 23 =0 = ulx,y)=f(t), f Arbitrary function.

Then'the géneral solutionis: u(x,y) = f(—-3x —4y).

-1

Wehave: u(0,y) =y® = f(—-4y) =y = f(y) =—

3
64~

-1 1
Then: u(x,y) = =z (—3x — 4y)3 =22 (3x + 4y)3.



3) Linear PDE of second order

The equation of the form :
2 2 2

0“u J0“u d°u
A(x,y)ﬁ+B(x.y)axay+C(xy)—+D(xy) +F(xy)—+G(xy)u—H(xy)

Is called a linear PDE of second order in Q € R2.

" . D( )6u+F( )6u+G( ) HOxy) = F ( Ju au)
e can pose : D(x,y) = X,y 3y X, y)u xy)=F\xyu-= By
Th tion b - AC )62u+B( )62u+C( )azu F( ou au)
e equation becomes: A(x,y) 73 X,y xdy X,y 3y X, Yo '3y
Classification of PDE of second order
Put : A= B? — 4AC we distinguish three cases:
A> 0 The equation is called hyperbolic
A= 0 The equation is called Parabolic
A< 0 The equation is called Elliptic
Examples :
0 _ 5 9% _ o x5 > 0 ten the equation is hyperboli
92 oxdy - = en the equation is hyperbolic.
0%u ou . :
—+3x—=—e¥ [A=)0 Then the PDE is parabolic.
0x? ay
0%u A%u Ellipticifx,y # 0
2 T — — _4y2y2 ’
y? ) +x 3y +3u=0 A= —4x*y* ThenthePDEis {Parabolic ifxory=0"

Methods of resolution

Methodrdirect’:

Examples :
(0%u
3y " ysin(x)
(E) : u(x,0) = x2

| 4
\u(x,2) = §sm(x)



0%u ou 1
a_y2 = ysin(x) = E = f ysin(x)dy = Eyz sin(x) + f(x) , f arbitrary Function.

1 1
= ux,y) = f (53/2 sin(x) + f(x)> dy = gy3 sin(x) + yf (x) + g(x).

where g is arbitrary function.

u(x,0) =x gx) =x L / 2
u(x,2) = gsin(x) = O _%xz = u(x,y) = gy sin(x)+ (1 oA Ey)x

(0 au
I xay ay
(E,) 4 u(0,y) =0
| ou
\

a(x 0) = x?

0’u  ou _ 3 o 0 (au ) A ou _J‘ 34
9xdy dy ay\ax 't) T ox U y
du )
x4 —3y + f(x) ODE linear’, f arbitrary.
( Uy = ke*

<up =3y A j f(x)e7dx = ulx,y) =ke*+3y+e f f(x)e ™ dx

\

( (
u(/y) =0 k+3y+ f f(x)eFdx =0 ... ceo e e (1)
J ou ) = <
a(x, 0)=x
ke® +e* f fee™dx + f(x) = x2 ... ... (2)
\ \

(2)—e*(1): f(x) =x%+ye* et f f(x)e *dx = f(xze‘x + y)dx = yx — (x? + 2x + 2)e ™.

(1) : k=2-3y. Then: u(x,y)=(yx—-3y+2)e*+3y—x?—2x—2.
8



Remark :

ou v  0%u

We can pose: v = @ and F 3x0y

Method of charactéeristic :
To solve the PDE by this method we follow the following three steps :

First step : Find the solution of rhe following characteristic equation :

dy\> d
A (—y> —BE 1 ¢ = 0 where: 4, B and C are cofficiéhts of the PDE.
dx dx
( d B ++VA
aso, Y _BEVA
dx 24
d B
We distinguish three cases : < A=0, td =
dx 2A
dy B4iv=2
sco, & _EHVD
\ dx 24

Integrate the two differential equations, and put i C; = @ (x,y) et C, = ¢p(x,y)
Second step : Find the canonical form of the PDE.

si=C =oxy)
t'= C, = ¢(x,y)

Write PDE with the new Variables s and t.

Put the following change : {

Remark : The new equation is called a canonical form of PDE.

Third steps Solve the ,new PDE. And write the solution with the variables x and y.

Examples :

G 2y a2 O Ring ical form of (E,)
LG axz axay ax— Ind canonical rorm o 1)-

Step 1:  Solve the characteristic equation:

dy
dy\> dy dy (dy ax =0 y =0 =y
@) m-o=a@)-0- dy >l e, 2 e, S at ey
dx



Step 2: The canonical form of (E,)

( au_auas Jdu dt 46u
dx 0s ax atox ot

s=y 0*u 0 [ou 0 (0u 0%u
put: | O B O SN T I

1
t=y—4x dx2  dx \dx dx \dt ot?
0%u 0 (6u) 0 (au) 4 0%u 462u
Layax dy \ox ay at dsot at?
@) 2% s I form of (E; ).
DK asat 3 is the canonical form of (E;
0°u  0%u
(B2 ga ~ay2 =
Step1:
- . dy\* dy
Characteristic equation : (—) —-1=0= —#=+41.
dx dx
dy_1
dx :{y=x+C1 {C1=y—x
dy ¥y =% +C, C,=y+x
—~=—1
dx

Step 2 : The canonical forme of (E,)
(au _Ouds Oudt Ju Jdu

Put: £22 75 Aol {E‘%ax tox os ot
UWelt=y+x - du duds dudt du du

\dy " dsdy "dtdy ds ' dt

(A Y A R
anz dx\ox) ox\ 0ds Ot 052 dsdt  0t?
| @:i(a_u>:i(0_u+0_u>:62u+zazu+62u
\ ay? Joy\ay)  ay\as = at)  asz = “asdot ot?

- . T ical form of (E,)
Jru_otu 0o _ |
d0x? 0y? dsdt 3sg; — 0 Is the canonical form of (£

Step 3 :

u =? solution of
dsdt

10



0%u

2= 0 a_ls‘ = f(s) 2 ulx,y) = f f(s)ds + gt) = ulx,y) = F(s) + g(t)

With: F, g two arbitrary functions.

The general solution of (E,) is:u(x,y) = F(y —x) + g(y + x).

0%u 262u

(E5) : x? 6x2=y a_yz , u=7?

Step1: Characteristic equation :

dy y Y\2
2 2 — 2 = =4 (=

x (dx) Y 0= dx _(x)
d
d—yzz y =xC; c _Yy
p X X = CZ = 1 x
w__Y ~ C; = xy
dx X

Ju Jduds Odudt y du Ju
( _

Put: s=2 {azﬁﬂJrEﬂ__x_Z%”E
ut t=x}§1 ’ du_duds_l_dudt_lau_l_ ou
kdy_dsdy dtdy x0s X ot

(0%_0(611)_6( y6u+ (')u)_yzc')zu 2y262u+ 202u+2y6u
4 22 T axe\ax)  ox\ x2as Y at) T x*ast “xzasor ) o x3 0s
| azu_6(6u>_6<16u+ 6u>_162u+262u+ ,0%u
k dy? 0dy\dy) 0dy\xads *ot) T x2 as? osat | at2

: 7 262u—0:> 4 262u+2yau—0:> 4t62u+2 au—o
oxz 7 ayz Y osot T “xas Sasar TS es T O
AL L ical Form of (E;)
5e9: 35 = O is the canonical Form of (E3).
Step3: u=7?
Put : 2= = :>2tav —0:>av—at:> = Vt
4 'as_” at V= v 2t v=10)

11



Jdu

E=v= fOWE S u=vE [ f()ds +g(0) =VEFE) + g(0)

Then : u(x,y) =,/xy F (%) + g(xy) Is the general solution of (E3). %

12



