2% Année ST R. MOUZAIA

Chapter 03 : Differential equations

I-  Ordinary differential equations

1. Definitions
2. First order differential equations
3. second order equations with constant coefficients



1. Ordinary differential equations
1) Definition:  Every relation between real variable x, unknown continuous function y, and its

Derivatives y',y", y®, ...,y™ is called an ordinary differential equation.

Any ordinary differential equation (ODE) is presented by one of the following:
(B) : F(x,9, ¥',.., y™) =0 ou y™ =F(x,y,y’, ...,y D)
We call the integer n in equation (E') the order of the equation.
Examples :
(Ey) :y'=xy+3 EDO oforder 1.
(E,) : y" + x?y" = x EDO of second order.
(E3) : x(y)?+y+e*=0 EDO of first order.
(Ey) : " — (y")3 = cos(x) EDO of order 2.
2) Solution of the ordinary differential equatiop’
We call solution of the equation (E) every function ¢, n-times deffirentiable on
IS R,and F(x,0, @', ..., = 0.
We call ¢ the integral of the equation(E) on I € R. And the graph of ¢
Is called the integral curve of (E).
Theorem:
Let the differential equation (E) : F(x,y, ¥',..,y™) =0
If ¢, and ‘@ /are two’solutions of (E) onI € R.
Then: For anyv@r, B € R, a@, + B¢, is solution of (E).
Example:
Lét (E):y" —5y+6y =0, @.(x) =e?*, and ¢,(x) = e3*are solutions of (E).
Then: ¢(x) = @1(x) + p,(x) = e?** + e3* is solution of (E).
(p'(x) = 2e?* +3e3* , " (x) = 4e?* + 9e3*, ¢"(x) —5¢'(x) + 6¢(x) =0)

3) Cauchy problem :

y® =F(x,,y,...y™ D)
y(xo) = 0,y (x0) = y1, ---»y(n_l)(xo) =Yn-1
2

The Cauchy problem is written by : (P) : {



y' +2xy=0
Example : Solve the problem (P :{
p problem (P : {* % 7

Wehave y' +2xy =0 = y' = —2xy (y' =Z_z) N Z_iz _2xy
> 2 = _2xdx
y

:»fdy—y=—2fxdx

= Inlyl| = -2x+¢

>y= e 2XtC = pCo=2X — [lrp72% (ec — k)

We say y = ke™2* the general solution of (P) .
For y(0) = 2 weobtain k = 2 . Then y, = 2e~* is called the particular solution of (P).

2. Ordinary differential equation of first order

They have the form:  f(x,y,y') =0 ou y' =f(xy)

There are three main types of differential equations of first order.
Differential equation with separate variables.
Homogeneous differential equations.

Linear differential equations,

And a finite number of special equations: Bernoulli equation, equation of Riccati, equation

Of Lagrange, and Clairaut equation....

Resolution of differential equations of orgér 1 :
1) diffefential equations with separate variables: They have the form: f(y)y’ = g(x)

ff(J’)dy = j g(x)dx (Find y as a function of x)

Examples : 1) (E;)%,(1+ x?)y"' = xy EDO with separate variables
y - X :>fd—y:f X dx :>ln|y|=%ln(1+x2)+c

1+x2
= Inly| = In|k V1 +x2| (c =In(k))
=>y=kVl+x?

2 r_ l —
(1+x)y _xy:>ydx 1+4x2 y

Then y = k1 + x? is the general solution of (E;).



2) (B2 :xy' =y+xy
xy' =y+xy 2xy'=y(1+x) = dy—yz%dx = Inlyl| =x+Inlx| +¢
S y = extinlxl+e
=y =kxe* (k=e").

Then y = kxe* is the general solution of (E,).

3) (E,): {y, =2x\Jy—1

y(1) =1

2
=x = y—1=%x2+c :y=1+(§x2+c)

r__ _ y!
y' =2xjy—-1> W

2
Theny =1+ ze + c) is the general solution of(E5) .
y(1)=1> c= _71 Theny, =1+ i (x%2 —1)? s the particular solution/of (E;).

2) Homogeneous differential equations : They presented in the form: y' = f (%)

To solve this equation put the change of variable zZ'= % ;

Z=§ >y=xzety =z+xz.

I X I __ 1 I l . . .
y = f(x) =z+xz =f(2) % fo2? T % Equation with separate. variables.

Examples :

1) (E): (x2+y% —xyy' =0 . Divide by x2.

72
The equation (E;) beComes (1 + (%)2) _ %y’ —0>y = 1+(Xx) = f (Z) *)

Put: z = % = y = xz et y' = z + xz'replace in the equation (*)

zi > zz' =2 = %Zzzln(x)+c = z22=mmx?)+k (k=20

=>z=+In(x2)+k
or z=+/in(kx?) (k =in(ky))
y=xz =y =+x.In(k;x?) isthe general solution of (E,).
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2) (E;) : xy'=y+xcos (g) Divide by x . y' = %-I— cos (%) =f (X)

! 1 I}

. = Z = I — ! = l = -
Put.z—x >y =Xz, Y Z+xz et o2 x COS(Z)z "
dz _ E . z _ 2
fcos(z) =) Put : t = tan (2),2 = 2 arctan(t),dz = "z dt
1-t2 dz 2 1 1 1+t
cos(z) = 1+¢2 fcos(z) a f1—t2 dt = f(l_-l-t + 1_—t) dt = In |
— = In|x| + ¢ = Inlkx| (c = In|k])
| | l|k|=>1+t k :t—kx_l: =2 t (kx—l)
1-— X 1—t x T kx+1 Z= carctan kx +1

kx—1\ . .
Ety = 2x arctan (ﬁ) is the general solution of (E,).

2’_2 2:0
NCORE D=3

x’y' = 2xy+y* =0 >y = ZX—G)Z:]C(%) Put:z=¥,y=xz

X

I I __ 52 — — ax

y'=z+xz'=2z2-2"> —1 =>fZZ2
1 k k2

[=f(G+ )dz=ln|i|=1n|kx|=>z= Xy =X

VA4 -z 1-z kx+1 kx+1

= General solution of (E;)
y= kx+1 3/

2

YD) =2 2,752 =2>k=-2>y =5— particular solution of (E;).

k+1
3) Linear differential equations: (E) : y' + a(x)y = b(x) ,
a, b Two continuous functionson/ € R.
Theenear equation solved by two steps
1%'step ,Find y, Solution of the equation (E,) without the second member (b(x) = 0) .
(Bo) + ¥'+aly=0= 2 =—a(x) = yp=ke /&
2" Step : Find Yp the particular solution of (E).

Use the method of constant variation. k = k(x) (Function)



We have : y = ke~ a0dx = 3/ = | e=Jawdx _  q(x)e~ [ atodx
Replace in (E) : k'e~Jatdx = b(x) =2 k= fb(x)ef“(x)dxdx.
Then: y, = ke~ Jaldx = e'fa(x)dxfb(x)efa(x)dxdx.

The general solution of (E) is given by : y; = yo + .

Ve = k e—fa(x)dx + e—fa(x)dx f b(x)ef a(x)dxdx_

Examples :

b By 2y =L
! =13 rp 2y =12 —2 _ 1.2
xy'+2y=2x =y + -y =cx a(x)—x,b(x)—zx
D) yo=? (E):y +2y=0  y,=hke /4%
2 k
[a(x)dx = f;dx = 2In(x) = In(x%)" Alers : y, ==.

it) y, =? Particular solution of (E;)

— ,—Ja()ax [ a(x)dx _ 11l 4 _ 1.3
Yp =€ [ b(x)eé dx xzfzx dx = —x°.

: k, 1
Conclusion:  yg = Yo K Vp\= =+ ExS



y' +2y=e"

a(x) =2, b(x) =e*
Dy =? (E):y'+2y=0  y,=ke [e0®
[a(x)dx =2 [dx =2x Alors:y, = ke ?*,
ii) y, =? Particular solution of (E;)
- _ 1
yp=e fa(x)dxfb(x)efa(x)dxdx —e ZxJ‘eSxdx — Eex_
i _ 1
Conclusion : yg = yo + ¥, = ke ™ + Se”.
_ 1_ _2 —2,2x 1
y(0) =1 =>k+3—1 =>k—3. y=ze x+3ex.
3) (E3):y' — % = x arctan(x) a(x) = —i , b(x) =« arctan(x)

) ¥o=? (Eo):y' —iy =0 Yo =k e~ Jat)dx

[a(x)dx = — i—x = —In|x| = y, = kix.
ii) y, =? Particular solution of (E3)

yp = e~Jamax [ p(x)el ¥ dx' = x [ arctan(x) dx  Par partie

x
1+x2

[ arctan(x) dx = xarctan(x) — [
yp = x*arctan(x) —% xln(1 + x?)

Conclusion i\ y; = k x + x?arctan(x) —% x In(1 + x?).

dx = xarctan(x) — %ln(l + x2)



4) Differential equation of Bernoulli :

They take the form: (E) : y' + a(x)y = b(x)y™, n > 1 (integer)

To solve the Bernoulli equation put the change of variable: z =

n—-1"

1-n .
e = z' = Fy’ Replace in (E)

7 =

(E): %y’ + % =b(x) = ﬁz’ + a(x)z = b(x) is linear ODE.

Examples :

1) (Ey) : xy' +y =y?In(x) EDO of Bernoulli with n = 2.
!

, B y 1 In(x)

xy' +y=y%n(x) = —yz +_xy = —

,Z’:_—ly’ = (E,) :—z’+iz

Put: z = "

1 ) )
- = In®) Linear EDO with :
y X

_ -1 _ ~In(x)
a(x)=—, b(x) =—=
i) zy =? solution of z' — iz =0, z,= ke JoWdx = | x

it) zp =? Particular solution of (E,).

In

(x)
—~dx By parts.

X

z, = e—fa(x)dxfb(x)efa(x)dxdx i | _xf

flnx(f) dx = _71(1 +1In(x))F zp= 1+ In(x)

Then:z; = zp+ z= kxtIn(x) +1

1 1
Z:—:)y:—:

y Z - RrnGo+1 Is the general solutionof (E,).

2) (E;)A\x%y" + xy.=y> EDO of Bernoulli with n = 5.

2.y _ .5 y! 1 1 _ 1 . _ 1 ,_—4 ' .
= = — - — = — . = — f—
XY t+xy=y FtiyiT= Put: z i Z =35y the equation becomes
=1 1 1 4 -4 .
~z'+>-z=— >z —-z=— ODE linear
4 x x? x x?

i) z,? Solution of the equation z’ — %z =0

4
z'—-z=0> Zo = kx*.

ii) z, =7 Particular solution of z’ — %z = ;—j . By variation of the constant k = k(x) (Function)

We have z = kx* et z’ = k'x* + 4kx3 Replace in z’' — %z = ;—f we find :
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I__4' _ 4 . _ 4 _ _ 4 4
k'=— =2k=c= Alors: z,=—et z;= 2o+ 2, = kx* +—.
1 1
— T

7 = = y = —_—
4 L

y 4/kx‘*+—4

5x

5) Differential equation of Riccati :
They have the form: (E) : y' + a(x)y? + b(x)y = c(x) with: a, b, and c three continuous
functions on the interval I € R.
To solve the Riccati equation, we need to know a particular solution y; , and put y = y, +§ :

Y=y +§ ety =y’ — 2—122' Replace in(E), we get the following linear equation;;
z' — (2a(x)y, + b(x))z = a(x).
Examples :

x%y' = xy —x%y? -1 ) 1. ) )
1) (E): { Y y(i/) _ Zy with y; = ~isa particulaf solution,

x2y'=xy—x%y?—1 =y +y% - iy =21 Equation of'Riccati

x2

with 1 a(x) =1, b(x) =‘71,et c(x) = ;_;

Tosolveit put:y = i +y,,y = ;—le’ + v, Weget: z' — %z =1 (linear)
i) zo =? Solution of z' —%z =0, 2zy=kx
ii) z, =? aparticular solution/of z% — %z =1. z, = xln|x]|

Then: z; = z, + z, = kx +'xIn|x| a general solution of linear equation.

And y = i Hy, = 1 +2 Isthe solution of the equation (E).

kx+xin|x| X

A “+1= _ =L 41 znixl
Wehavey(l)—1:>k+1—2 :>k_1Then'yz_x+xln|x|+x_x+xln|x|

2) (E):y’-—-—2x+(1 +%)y+%y2 , Yo = x The particular solution.
2 +(1+1> +1 2 1, (1+1> 2
Y —_— ol = - - - = -
Yy x X y xy y xy X y x
a(x)=—i , b(x)=—(1+%), c(x) = —2x

1 -1 1. .
Put:y = —+x, y' = ;Z’ + 1 (E)Becomes: z' + (3 + i)z = 71 (linear equation)

i) zo =? Solution of z’ + (3 +i)z =0, z,= ge‘3x



it) z, =? Particular solution of z’ + (3 + i) z= _71 , Zp = 5

Zg = Zo+ z, = Ke-3x L General solution of the equation z' + (3 + Nz=2
G p X 3x x x

3x

1
And y = Z +x = ke 1

+ x (you can replace 3k by k ).

3x
= + X

T ke 3*-1

3) Différential equations of second order :
The différential equations of order 2 have the form : y" = F(x,y,y") or F(x,y,y',y") =0.
There is two principal types of differential equations of order 2 :
Incomplete differential equations And Linear differential equations

1) Incomplete differential equations : Generally, There are three cases,:
Firstcase: (E) : y" = f(x)
To solve it integrate two times.
y'=f(x) =2y =[f(x)dx =F(x)ac\, F primitivede f.
=y =[(F(x)+c)dx= G()+ cx + k , G primitive of F.
Example: (E) : y" =—

y”:L > y=mnll+x|+c =2y=(V+x)In|l +x|—x+cx+k

1+x
y=0+x)n|1+x|+Cx+k (C=c—-1)
second case : (E) : y",= f(x,%")
To solve it put the change : y' = z
y' =z = 7 = f(x,z) EDO of order one.
Example: (E): xy!'—9' =0 Put: y'=z (y" =2")
z! 1

xy"'—y,;=0 sxz2'—z=0 = —=-=z=kx :>y:%kx2.

Third case: (E) : y" = f(y,y")
Put: u(y) =y’ , ufunctionony
uy) =y =y =u'()y’ = u
(E) becomes : uu' = f(y,u) EDO of order 1 (the variable is y )

,2
Example: (E): y" = taj:l(y)
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. — — ! p_u? 1, _ cos(y)
Put: u=uly) =y =2uu' = o = 7% T oy

1, _ cos(y)

u sin(y) = Inlu| = Inlk sin(y)| = u = ksin(y)

! — Iroi dy _ _ dy Cp y
u=y' =ksin(y) = fsin(y) =[kdx > kx+C = fsm(y) (Posons : t = tan (2) )

fsi:J(,y) =in |tan (%)| =kx+C = tan @) = Ce** . (C; =e")

y = 2 arctan(C,e**) Solution of (E).

2) Linear differential equations : (E) : a(x)y" + b(x)y' + c(x)y = f(x)
With a, b, ¢, and f continuous functions on the interval I < R.

Remark : In this chapter we interested a equations with a constant cogfficients (a, b, et € R)

3) Linear differential equations of second order with a constant cogfficients :

(E): ay” +by" +cy = f(x)
With a, b, c real numbers, a # 0, and f a continuous function on I € R.

i) Differential equations of second order homogenepusi (without a second member)
(Ey) : ay” + by +cy =0, a,bjc desréels , eta # 0.
To solve it consider the solution y ="e™ /with r € C.
y=e"™, y =re"™, ety =r2e™ Replace in the equation(E,), we find
ar?+br+c=0.
We call the polynomial P(#) = ar? + br + c , a characteristic polynomial associated with equation (E,).
Find the general solution of the homogeneous equation (E,) we distinguish three cases :
First case : WA= b? — 4ac > 0.

—-b+vA -b—VA
P have two real roots: r; = Za‘/_ , Ty = 2;/_

And the general solution is given by : y, = C;e™* + C,e™*
Examples :

1) (Ep): y'"+y' —2y=0 P@r)=ar?+br+c=7r>+r—-2
A:9>0, 7”12—2,7'2:1

Then: y, = Cie™?* + C,e* is general solution of (E,).
2) (E)): 3y"—=5y"+2y=0 P(r)=3r2—-5r+2
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Examples :

Examples :

A=1>0, =2 ,n=1

2
Then . yo == Clegx + Czex

Second case : A= b? — 4ac = 0.

-b
P haveonerealroot:r, =r, =r = 2a

The general solution given by: y, = (C;x + C,)e™.

1) (E)): y"+2y'+y=0 Pr)=r*’+2r+1=0+1)? r=41
Then: Yo = (Clx + Cz)e_x
2) (E)): 9y" —6y'+y=0 P(r)=9r2—6r+1 A=0, r=§
1
Then : Yo = (Clx + Cz)egx
Third case : A= b? — 4ac < 0.

P have two complexroots:ry =a + i/, rn=r =a—Iif
The general solution given by :{y, = (C,€05(Bx) + C,sin(Bx))e®*

1) (E)): y'=2y'4+2y=0 Pm)=1r*-2r+2 6=-1<0 (A=-4)
T'1=1+i, T'2=7"_1=1—l(a=1,/3=1)
Then,; y, =1(Cie65(x) + C,sin(x))e*
2) (E): y"+2y=0 P(r) =12 +2=(r —iv2)(r + iv2)

rn=iv2 , r,=—i2 (a=0 , ﬁ’:\/f)
Then : y, = Cycos(V2 x) + C,sin(V2 x)

ii) Differential equatign of second order with a second member:

(E) :Vay"+ by + cy = f(x) witha,b,careal,and a # 0.

The equation (E) solved in two steps :

First step:*kind y,Solution of homogeneous equation (E,) : ay” + by’ +cy =0.

Second

step: Find y,, particular solution of (E).
Yp = C1y1 + Cy, with y; and y, are solutions of the homogeneous equation(E,).
Determine C; et C, By the constant variation method.

C'1y1+CLy, =0

Integrate C'; and C’, Solution of system:{ _, |, , 1
Jreie Land o Y {cly1+czy2=;f<x)

12



Conclusion : y; = yo + ¥, general solution of (E).
Examples :
1) (E):2y" =3y +y=¢e*

i)y, =?  Solutionof (Ey): 2y" —3y'+y=0
Pr)=2r2=3r+1, A=1>0 , n=1,71=-
then: y, = C;e* + Czeéx

i) y, =? particular solution of (E). constant variation method. C; = Cy(x)et\C; = C,(x).

1
Yp = Ciys + Gy, = Cie* + Cye?”

1
Ciy1+Cy, =0 Cle* + Che2* /= 0 (1)
1ot 1o 1 = A
1 , 1 4 % W1
C1y'1 +Gy'2 = f(x) Cle* + ECZezx =ge" (@)

1 1 1
2)—() : Cy=—-ez" > C,#—[e?dt = —2e7".
D:¢=1>C = x.
Then: y, = (x — 2)e*

1
Conclusion : yg = yo + ¥, =/(x — 24 Cy)e* + C,ez". (Wecantake C3 = —2+4C; ).

Yo = Yo+ ¥p =\(x + C3)e* + Cze%x
2) (E): y"+y=sin(x)
i) yo =? / Selutionof (Ey) : y"+y=0
P)=r*+1=0-D@+i) rn=i,rn=—i a=0etpf=1
Then: y, = C; cos(x) + C,sin(x)

ii) yp=? particular solution of (E£). constant variation method. C; = C;(x) et C, = C,(x).
Vp = C1y; + Gy, = Cy cos(x) + C,sin(x)

{ Ciy1 + Gy, =0 s { Clcos(x) + Cysin(x) = 0 (1)
iy 1+ Cy'y = —f (x) —Cisin(x) + Czcos(x) = sin(x)  (2)

(1) x sin(x) + (2) x cos(x) : €, = sin(x) cos(x) = %sin(Zx)

C, = _Tlcos(Zx) = %sin2 (x)
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(1): ¢{ = —sin?(x) = %(cos(Zx) -1) > ¢, = isin(Zx) - %x
Then: y, = %sin(x) cos?(x) — %xcos(x) +%sin3 (x)
= %sin(x) — %xcos(x).
Conclusion: y; = yo+ y, = (C1 - %x) cos(x) + C;sin(x) (C3 = % + CZ).

no__ 4 — %x
3) (E): {43} 4y +}f xe
y(0)=2, y'(0)=1

i)y, =?  Solution of (Ey) : 4y" —4y'+y =0

P(r)=4r?—4r+1 A=0 r1=r2=r=%

1
Then . Yo = (Clx + Cz)egx
i) y, =? particular solution of (E). constant variation method/C; = C;(x) et C, = C,(x).
1 1 1
Vp = (Cix + C)e?" = Cyxez” 4 Crez

1 1 ' '
Cixe?" + Cyjez* =0 Cix+C;=0 (1)

We have 1 1 1 = { 1 o1, 1
Gx+1) Cl'efx+%C2’e5x=%erx (;x+1) Ci+50=7x(2)

@)x2-(1) ¢, 6 =-x\» ¢ =22

4
(D) C=ACix 2\, =722 = (=3 2

1 1
Then® y, = Zx3ezx

1
Conclusion/ yg = (ix3 + Cx + Cz) ez,

y(© =2 € =2 {szz (1,3 L
We have {y’(0)=1 = Cl+%C2=1 = C, =0 Then : y—(24x +2)ez.

Remark : (Find y, by substitution)

1) Ifthe second member f(x) = Q(x)e* with: Q polyndmialand s € R .

we distinguish three cases :
i) Ifsisnotroot of P(r). Then:y, = R(x)e™, Rpolyndmial and d°R = d°Q

ii) If s is simple root of P(r). Then: y, = R(x)e®™ with d°R = d°Q + 1
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Or ¥y, = x R(x)e*™ with d°R = d°Q
iii) 1f s is double root of P(r). Then: y, = R(x)e®™ with d°R = d°Q + 2
Or y, = x? R(x)e™ avec d°R = d°Q

2) If the second member f(x) = A cos(Bx) + B sin(Bx)
we distinguish two cases :

i) If Biis not root of P(r). Then : y, = A; cos(Bx) + B;sin(fSx)
i) If piisarootof P(r). Then:y, = x(4; cos(Bx) + B;sin(fx)).
Examples :
1) (E):y" -3y +2y=(2x?—-3)e™™
i) yo =? Solutionof (Ey): y" —3y"+2y =0 P(r)=r?—3r+2=0-1@-2)
Then:y, = C;e* + C,e?**
i)y, =? wehave f(x) = Q(x)e* = 2x*—3)e %/ , s =—1 and d°Q = 2
s = —1isnotrootof P . Then:y, =R(x)e * d°R=d°Q =2
¥y, =Aax®+ bx +c)e™*
yp = (—ax*+ (2a—-b)x+b—cle™ ™ \et'yf'= (ax*+ (—4a+b)x +2a—2b + cle™*

vy =3 yp + 2y, = (6ax?* —(10a — 6b)x + 2a — 5b + 6¢c)e™* = (2x* — 3)e~*

(et
6a =2 ' 3

—10a+ 6b =0 = 4b=§ = yp=%(9x2+15x—4)e‘x
2a — 5b + 6¢/= =3 -
\c=2

Then\: y; = Gfe* + C,e** + 2—17(9x2 + 15x — 4)e™™.
2)CE) : y" + 4y = 3sin(2x)
i)\ vo\=?" Solutionof (Ey) : y"+4y =0 P(r) =r*+4=(r—-20)(r+20)
Then: y, = C; cos(2x) + C,sin(2x)
i) y, =2 Wehave f(x) = Acos(fx) + B sin(fx) = 3sin(2x) , f =2
pi = 2iisarootof P. Then: y, = x(A cos(2x)+ B sin(Zx))
yp = A cos(2x) + B sin(2x) + x(—=2A sin(2x) + 2Bcos(2x))
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Vp = —4A sin(2x) + 4B cos(2x) + x(—4Acos(2x) — 4Bsin(2x))

y" + 4y = —4A sin(2x) + 4B cos(2x) = 3sin(2x) = {

Then:y, = _TSx cos(2x)
Conclusion : y; =y, +y, = (_73x + Cl) cos(2x) + C,sin(2x). /0

—44=3 _ (A=
4B =0 =>{
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